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Abstract

We present the general features of a bispinor field that obeys a third-order equation. It
separates into two massive fields that obey the Dirac equation and a four-component
massless field. We discuss briefly its electromagnetic interactions and a leptonic inter-
action that introduces a mass difference. This field can thus describe the electron, the
muon and both neutrinos. The difficulties related to inconsistencies between electro-
magnetic and weak interactions for the two-component spinors are still present for the
bispinor field.

1. Introduction

Recent changes in our understanding of leptons and weak interactions make
an examination of the less common wave equations worthwhile.

In a previous paper (Marx, 1974), we worked with a third-order equation
for two-component spinors. We now do a similar study of the corresponding
equation for bispinors, mentioned before by Kibble & Polkinghorne (1958}
more or less in passing. This equation has the right number of degrees of
freedom to accommodate the electron, the muon and the two neutrinos. The
basic equation has a single mass parameter, but it is a simple matter to change
it to include two different masses.

When the interaction with the eleciromagnetic field is introduced via the
usual gauge-invariant substitution, the massless field appears to be charged.
Nevertheless, since its ‘charge’ is separately conserved, this is not an insur-
mountable objection. As far as weak interactions are concerned, the number
of possible interaction Lagrangian densities that can be constructed from the
field and its first and second derivatives is quite large. We limit ourselves to
developing in some detail a two-fermion pseudoscalar term that leads to the
splitting of the masses, which can be regarded either as an interaction or as a
change in the free-field equation.

We study the free-field equation in Section 2, and introduce electromagnetic
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and leptonic interactions in Sections 3 and 4 respectively, plus some concluding
remarks in Section 5.

We use natural units and a time-favoring metric in a real Minkowski space;
the notation used here follows closely that in Marx (1974) and some earlier
papers mentioned there.

2. The Free Field

We use as a starting point a Lagrangian density analogous to the one in
Marx (1974),

Lo =5V o YaYuYsY 50 — @,aﬂa?’ﬂﬁw,ﬂ)/mz[
- VYol + ¥, oYa¥] (2.1)
which yields the third-order equation of motion
—iy-3@* +m*y =0 (2.2)
and the conserved current and energy-momentum densities

];1 = %[(&,M'Ya\}/,a - @'}’pw,aa - ‘Z'Yag‘/,au)/mz

—¥1u¥] +ec. (2.3)
T;w = %i[‘?’,v('}'pw,aa + m27#¢ + 7&&,0[#)/7’32
- w,uu')'aw,a/mz] tec — "gogu.v (24

where c.c. stands for the complex conjugate of the preceding term.
Following procedures used before (Marx, 1967, 1974), we decompose the
field ¥ into three parts

y=En+E+g 2.3)

defined by the projections in the space of solutions of equation (2.2),
n=(1+3*/m*)y (2.6)
&= (1/2m*Yimy -0 — 0%y Q7
¢=(1/2m*)— imy -3 — %)W 2.8)
These fields then satisfy
—i#y-an=0 2.9
(—iy-0+m=0 (2.10)

(—iy-0—my=0 2.11) -
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To separate the contributions from the different fields, we add a term
fou o 107, wheret

fou=— (z’/2m2)@0&n73¢/35 t .. (2.12)
Oap = 3HYeVu — VuYa) (2.13)

We obtain
Tu = 20E7uE + T7u8) — mvm (2.14)

and we note that the contribution from the fields £ and { have the same sign,
which was not the case in Marx (1967).
Similarly, we add a term fo,,, o tO T,:,,, where

Japy == A[2m*) 400,75Y 5
— 3M(gusYa — LY JE ) toc. (2.15)
and obtain
T = 311257080 — Eomuf + vl oy
= 1) = vum,p — 1 1um)] (2.16)

The solutions to equations (2.9) through (2.11) can be expanded in terms
of momentum-space amplitudes,

n=(2m)2 [ dkuor () fan (k) exp (— ik )

+ e (k) exp (k- x)] 2.17)
£=@n) /2 [ & p(m[28)' 2 [ (PBA) exp (— ip- %)
+va(p)da(p) exp (ip- x)] (2.18)
¢ = @02 [ d*p(m]25)" A (Y (P) exp (— ip- x)
+up(p)ea(p) exp (p- x)] (2.19)
where u, and vy, collectively designated by w;, are given by
wa®) = [E + m)2m] P [1 +a-p/E+m)]wid(B)  (2.20)
W) = (xAO(p)), 2O = (x_(i @)) 221)
the x; being the two-component helicity states and
uoa(k) = 272(1 + a- O (%) (2.22)
E=po=(p* +m*)!/? (2.23)
ko = Ik| (2.24)

T The definition of Oqy in Marx (1967) differs from the present one by an overall
change of sign.
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The total ‘charge’ can then be expressed as
0= [ d®p[bion + dfdy + i + e
~ [&klagan + cferl (2:25)
and the energy-momentum vector is
Py = [ @pp, [bbs — didy + fif — g
- f dkk, [afay — cien] (2.26)
The fields ¢ and ¢ represent spin-3 particles of mass m which play effectively
the same role in spite of the different signs of the mass in equations (2.10)
and (2.11). The field n represents a massless spin-} particle, and both helicities
are present, whence it can describe the two types of neutrinos and the cor-
responding antineutrinos.
In a quantization we have to decide whether d, and g, are annihilation
operators, as in Marx (1972), or whether they are creation operators, which
is the usual choice. In the latter case, normal ordering changes the signs of the
corresponding terms in the expressions (2.25) and (2.26) for Q and P,,.
A different separation of the field Y into component fields can be performed
by going back to two-component spinors. The upper and lower components of

¥ in the third-order equation (2.2) are uncoupled, and they obey the equations
presented in Marx (1974),

5402 + m¥p, =0 @27
;502 +m?d =0 (2.28)

In any case, the number of degrees of freedom present in the field ¢ is the
right one to describe all leptons.

3. Electromagnetic Interactions
These interactions can be introduced by the usual gauge-invariant substitu-
tion
8, > D, =3, —ied, ERY)
so that the Lagrangian density becomes
= 3 [(DEVYYauYsDuDp¥
— (DEDEVYYaYu YD )m?
~ §YeDa¥ + (DEU)Y Y} (3.2
The resulting equation of motion is

iy D[(y-DY? +m*1y=0 (3.3)
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and the solutions can still be decomposed as in equation {2.5) into parts that
satisfy

—iy-Dn=0 (3.4)
(~iy-D+m)k=0 (3.5)
(—iyD—m)=0 (3.6)

As was the case in Marx (1974), the massless part of the field appears to be
charged, a consequence of the gauge covariance of Y. The precise behavior of
a massless charged field remains to be investigated. The three terms in the
current density (2.14) are separately conserved even in the presence of electro-
magnetic interactions, because the fields obey the uncoupled equations (3.4)
to (3.6).

We have some further remarks on the electromagnetic interactions at the
end of the following section.

4. Lepton Interactions

If we want to construct an interaction Lagrangian from the field and its
first and second derivatives we are faced with a choice among a large number
of terms that can be used singly or in combination.

An obvious candidate for weak interactions is the four-fermion point
coupling,

Lr=GUr, (1 +ivs)WPyu(l +ivs)¥ 4.1

which contains the usual terms plus some additional ones.

On the other hand, to construct a theory that describes actual leptons we
have to introduce the mass difference between the electron and the muon. It is
possible to treat this through an added interaction Lagrangian density, which
can also be made a part of %, of course.

For this purpose, we choose a pseudoscalar quantity, as suggested by the
parity non-conservation of weak interactions.

Lr=3807sYu¥ 0+ U u7u¥sV) (42)
The new equation of motjon is

— iy -3(d% + mP)yY = — gmPysy -3y “.3)
which can be rewritten as

—iy-0[3% +m*(1 — igys)] ¥ =0 (4.4)

In the representation of the v,, that arises naturally when the starting point is
two-component spinors (Marx, 1974), we have

Y5 = (Ol i) 4.5)
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where each element represents a 2 x 2 matrix, a multiple of either the zero or
unit matrix. Thus, the upper and lower components of Y obey equations
(2.27) and (2.28) with masses

m' =m(1 +g)'/? 4.6)
m" =m(1 — g)*/? “.7

respectively.

A different way of approaching this ‘interaction’ comes from the decom-
position of the field ¢ indicated in equations (2.5) through (2.8). The fields
now obey

(— iy~ 3+ m)=3gysY 3V 4.8)
(— iy 3 — m) = 3gysy - 0¥ 4.9)
— iy 0n=—gysy OV (4.10)
which can be rewritten as
— iy 34V + mBY =0 (4.11)
where
1+3igys 3igys 21875
A=\3igys  1+3iigvs higrs (*.12)
— i8Ys —gYs I —igys
B =diag (I, -1,0) (4.13)
T =(5,m) (4.14)
The new set of fields
¥ = AT (4.1%)
obeys
(=3 +mBY' =0 (4.16)
where
I'=diag(v,7,7) (4.17)
1 —%igys —%igys —3igrs
B =|1igys —1+%igys  Jigys (4.18)
0 0 0o /

The solutions of the set of linear equations (4.16) can be expressed in terms
of plane waves

¥'(x) = ®(p) exp (— ip- x) (4.19)
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whence & satisfies
(-Tp+mBY=0 (4.20)
which has non-trivial solutions when the secular equation
det(—T-p+mBY=0 “42n

is satisfied. This equation reduces to
P p® ~m* (L + ) [p* —m*(1 - )]}* =0 (4.22)

confirming the expected mass spectrum with masses 0, m' and m”,

The field ' is a free massless field, while £ and ¢’ are coupled to each other
and to . When " vanishes the linear combinations of £ and {' that corre-
spond to masses 7' and m” are proportional to

' (1 + ir'yS)u.'h(p)
®(p) =
+(p) ((* F by (p)) (4.23)

’ = (“—r’ - 175)v’7\(p)
o-® ((1 Py IAG) ) 29
" (1 + ir"’YS)u,?'\(p)
= " 4.25
@, (p) ((rn + iyt (o) ) 4.25)
" (7'" + l’Ys)U;:(p)
& =
-(p) ((1 £ iyl (p)) (4.26)
where , "
PRl =ty (4.27)

and u3, vy, 4y and vy are given by equation (2.20) with masses m’ and m".
If we introduce an electromagnetic interaction through a modification of
equation (4.16),

(—i-D+mBYW'(x)=0 (4.28)

the massless field n" still obeys the uncoupled equation (3.4). Or we can start
again from the Lagrangian density (3.2) adding the corresponding terms from
that in equation (4.2), that is,

L7 =3[Vrs1uDu¥ + DEUYYYs Y] (4.29)
leading to
— iy -D[(y DY?* + m*(1 — igys)]¥ =0 (4.30)

and we can proceed from here to equation (4.28).
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5. Concluding Remarks

This bispinor field we have presented has the attractive feature that it
describes simultaneously two massive fermion fields that obey the Dirac
equation and a massless one, thus having the right number of degrees of free-
dom for all leptons. We have also shown how the mass difference between the
electron and the muon can be introduced through a pseudoscalar interaction
term. The electromagnetic interactions present the difficulty of having the
massless field appear charged, and it is not readily compatible with more
complicated lepton interactions.

This field can be used either in the context of relativistic quantum mechanics
or of quantum theory of fields. In the latter case, the propagator will give much
better convergence of the terms in a perturbation expansion than the Dirac
field.

We have not explored the many other possible interaction terms both
leptonic and with the electromagnetic field. This can be done in case there are
further indications that such a common lepton field is desirable.
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